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A mapping π : T → X of a semigroup T into a set X is a right zero homomorphism if
π(pq) = π(q) for all p,q ∈ T . Let S be a discrete cancellative semigroup of cardinality
κ ω, let β S be the Stone–Cˇech compactiﬁcation of S , and let U (S) denote the ideal of β S
consisting of uniform ultraﬁlters. We show that (a) if κ > ω, then U (S) admits a continuous
right zero homomorphism onto U (κ), and (b) if κ = ω, then U (S) admits a continuous
right zero homomorphism onto any connected compact metric space and onto a connected
compact Hausdorff space of cardinality 22
ω
.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The operation of a discrete semigroup S naturally extends to the Stone–Cˇech compactiﬁcation β S of S making β S a com-
pact right topological semigroup with S contained in its topological center. That is, for each p ∈ β S , the right translation
β S  x → xp ∈ β S is continuous and for each a ∈ S , the left translation β S  x → ax ∈ β S is continuous.
We take the points of β S to be the ultraﬁlters on S , the principal ultraﬁlters being identiﬁed with the points of S . Given
A ⊆ S ,
A = {p ∈ β S: A ∈ p}
and we write A∗ and U (A) for the sets of nonprincipal and uniform ultraﬁlters from A, respectively. The family {A: A ⊆ S}
is a base for the topology of β S . For p,q ∈ β S , the ultraﬁlter pq has a base consisting of subsets⋃
{xBx: x ∈ A}
where A ∈ p and Bx ∈ q.
The semigroup β S is interesting both for its own sake and for its applications to Ramsey theory and to topological
dynamics. An elementary introduction to β S can be found in [4].
It has long been known that for every inﬁnite cancellative semigroup S of cardinality κ , the ideal U (S) of β S consisting
of all uniform ultraﬁlters on S can be decomposed into 22
κ
left ideals of β S [1] (see also [4, Theorem 6.53]). Relatively
recently, this theorem has been strengthened by showing that U (S) can be decomposed into 22
κ
closed left ideals of β S
[5,3]. In this paper we study the quotient spaces of U (S) corresponding to the decompositions into closed left ideals.
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Note that if S is a cancellative semigroup, X a compact Hausdorff space, and π : U (S) → X a continuous surjective right
zero homomorphism, then
{
π−1(x): x ∈ X}
is a decomposition of U (S) into closed left ideals of β S and the corresponding quotient space of U (S) is canonically
homeomorphic to X .
Indeed, it suﬃces to see that if I is a decomposition of U (S) into left ideals of U (S), then every member of I is also
a left ideal of β S . Assume the contrary. Then there are distinct I, J ∈ I , p ∈ I and q ∈ β S such that qp ∈ J . From this we
obtain that p(qp) ∈ J and (pq)p ∈ I , since pq ∈ U (S), a contradiction.
In Section 2, using arguments similar to those from [1], we show that if S is a cancellative semigroup of cardinality
κ > ω, then U (S) admits a continuous right zero homomorphism onto U (κ). If S is a countably inﬁnite cancellative semi-
group, then there is a continuous surjective mapping ϕ : S∗ → N∗ such that whenever π : N∗ → X is a continuous right
zero homomorphism, so is π ◦ ϕ : S∗ → X .
In Section 3, we study continuous right zero homomorphisms of N∗ . We ﬁrst show that if π : N∗ → X is a continuous
surjective right zero homomorphism, then X is connected, and so X cannot be ω∗ . Then, using slowly oscillating functions,
a tool from [5,3], we show that N∗ admits a continuous right zero homomorphism onto any connected compact metric
space and onto a connected compact Hausdorff space of cardinality 22
ω
.
2. Uncountable case and reduction toN∗
Let S be a semigroup. For every A ⊆ S and x ∈ S ,
x−1A = {y ∈ S: xy ∈ A} and Ax−1 = {y ∈ S: yx ∈ A}.
For every A, B ⊆ S ,
A−1B =
⋃
x∈A
x−1B and AB−1 =
⋃
x∈B
Ax−1.
Lemma 2.1. Let S be a cancellative semigroup and let A be an inﬁnite subset of S. Then there is a subsemigroup Q of S such that
A ⊆ Q , |Q | = |A|, Q −1Q ⊆ Q , and Q Q −1 ⊆ Q .
Proof. Deﬁne inductively a sequence (An)n<ω of subsets of S with A0 = A by
An+1 = An ∪ A2n ∪ A−1n An ∪ An A−1n
and let
Q =
⋃
n<ω
An. 
Lemma 2.2. Let S be a cancellative semigroup of cardinality κ > ω. Then there is a surjective function f : S → κ such that
(a) for every α < κ , | f −1(α)| < κ , and
(b) whenever x, y ∈ S and f (x) < f (y), one has f (xy) = f (yx) = f (y).
Proof. Using Lemma 2.1, construct inductively a κ-sequence (Sα)α<κ of subsemigroups of S such that
(i) for every α < κ , |Sα | < κ ,
(ii) for every α < κ , S−1α Sα ⊆ Sα and Sα S−1α ⊆ Sα ,
(iii) for every α < κ , Sα ⊂ Sα+1,
(iv) for every limit ordinal α < κ , Sα =⋃β<α Sβ , and
(v)
⋃
α<κ Sα = S .
Note that S is a disjoint union of nonempty sets Sα+1 \ Sα , where α < κ , and S0. Deﬁne f : S → κ by
f (x) =
{
α if x ∈ Sα+1 \ Sα,
0 if x ∈ S0.
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β  α < κ . It follows from (ii) that both xy and yx also belong to Sα+1 \ Sα . Hence, f (xy) = f (yx) = f (y). 
Theorem 2.3. Let S be a cancellative semigroup of cardinality κ > ω. Then there is a continuous surjective right zero homomorphism
ψ : U (S) → U (κ) such that for every x ∈ U (κ),
(a) Ix = ψ−1(x) is nowhere dense in U (S), and
(b) Ix · S ⊆ Ix.
Proof. Let f : S → κ be a function guaranteed by Lemma 2.2 and let f : β S → βκ be the continuous extension of f . Then
(i) f (U (S)) = U (κ) and f −1(U (κ)) = U (S),
(ii) f (qp) = f (p) for all p ∈ U (S) and q ∈ β S ,
(iii) f (px) = f (p) for all p ∈ U (S) and x ∈ S , and
(iv) for every u ∈ U (κ), f −1(u) is nowhere dense in U (S).
Indeed, (i) follows from surjectivity of f and condition (a) of Lemma 2.2. To see (ii), let A ∈ p. For every x ∈ S , let Ax =
A \ {y ∈ S: f (y) f (x)}. Then Ax ∈ p and by condition (b) of Lemma 2.2, f (xy) = f (y) ∈ f (A) for all y ∈ Ax . Consequently,
B =⋃x∈S xAx ∈ qp and f (B) ⊆ f (A). Hence, f (qp) = f (p). The check of (iii) is similar. Finally, to see (iv), let A ⊆ S and
suppose that U (A)∩ f −1(u) = ∅. Then E = f (A) ∈ u. Pick D ⊆ E such that |D| = κ and D /∈ u, and let B = f −1(D)∩ A. Then
B ⊆ A, U (B) = ∅, but f (B) /∈ u, and so U (B) ∩ f −1(u) = ∅. Hence, f −1(u) is nowhere dense in U (S).
Now deﬁne ψ : U (S) → U (κ) by ψ = f |U (S) . It then follows from (i)–(iv) that ψ is as required. 
Note that the decomposition I of U (S) from [5,3] also has the property that for every I ∈ I ,
(a) I is nowhere dense in U (S), and
(b) I · S ⊆ I .
Lemma 2.4. Let S be a countably inﬁnite cancellative semigroup. Then there is a surjective ﬁnite-to-one function f : S →N such that
whenever x, y ∈ S and f (x) + 1 < f (y), one has f (xy), f (yx) ∈ { f (y) − 1, f (y), f (y) + 1}.
Proof. Construct inductively a strictly increasing sequence (An)1n<ω of ﬁnite subsets of S such that S =⋃1n<ω An , and
for every n ∈N,
(i) A2n ⊆ An+1, and
(ii) A−1n An ⊆ An+1 and An A−1n ⊆ An+1.
Deﬁne f : S →N by
f (x) =
{
n + 1 if x ∈ An+1 \ An,
1 if x ∈ A1.
Clearly, f is surjective and ﬁnite-to-one. Let x, y ∈ S and f (x) + 1 < f (y). Then f (x) n and f (y) = n + 2 for some n ∈N,
so x ∈ An and y ∈ An+2 \ An+1. But then by (i), xy, yx ∈ An+3, and by (ii), xy, yx /∈ An . Indeed, to see that xy /∈ An , assume
the contrary. Then y ∈ x−1An ⊆ A−1n An ⊆ An+1, a contradiction. Hence, f (xy), f (yx) ∈ {n + 1,n + 2,n + 3} = { f (y) − 1,
f (y), f (y) + 1}. 
Proposition 2.5. Let S be a countably inﬁnite cancellative semigroup. Then there is a continuous surjective mapping ϕ : S∗ → N∗
such that whenever π :N∗ → X is a continuous right zero homomorphism, so is π ◦ ϕ : S∗ → X. Furthermore, for every x ∈ X,
(a) if J x = π−1(x) is nowhere dense in N∗ , Ix = ϕ−1( J x) is nowhere dense in S∗ , and
(b) Ix · S ⊆ Ix.
Proof. Let f : S →N be a function guaranteed by Lemma 2.4 and let f : β S → βN be the continuous extension of f . Then
(i) f (S∗) =N∗ and f −1(N∗) = S∗ ,
(ii) f (qp) ∈ { f (p) − 1, f (p), f (p) + 1} for all p ∈ S∗ and q ∈ β S ,
(iii) f (px) ∈ { f (p) − 1, f (p), f (p) + 1} for all p ∈ S∗ and x ∈ S , and
(iv) for every nowhere dense Z ⊆N∗ , f −1(Z) is nowhere dense in S∗ .
The check of (i)–(iv) is similar to that in Theorem 2.3.
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p,q ∈ S∗ , ϕ(qp) ∈ {ϕ(p) − 1,ϕ(p),ϕ(p) + 1}, and consequently, π(ϕ(qp)) = π(ϕ(p)). Hence, π ◦ϕ : S∗ → X is a continuous
right zero homomorphism. Similarly, π(ϕ(px)) = π(ϕ(p)) for every p ∈ S∗ and x ∈ S , which shows (b). And (a) follows
from (iv). 
3. Continuous right zero homomorphisms ofN∗
Proposition 3.1. If π :N∗ → X is a continuous surjective right zero homomorphism, then X is connected.
Proof. Assume on the contrary that X can be partitioned into two nonempty clopen sets U0 and U1. Then {π−1(Ui): i < 2}
is a partition of N∗ into nonempty clopen sets. It follows that there is a partition {Ai: i < 2} of N such that A∗i = π−1(Ui) for
each i < 2. Since both A∗0 and A∗1 are left ideals of βN, we obtain that for each i < 2 and for every x ∈N, {y ∈ Ai: x+ y /∈ Ai}
is ﬁnite. In particular, the set F = {y ∈ A0: 1+ y /∈ A0} is ﬁnite. Let n = min(A0 \ F ). Then n+ 1 ∈ A0, n+ 2 ∈ A0, and so on.
Hence A1 ⊆ {1,2, . . . ,n}, a contradiction. 
The next notion is from [5,3].
Deﬁnition 3.2. Let X = (X,d) be a compact metric space. A function f : N→ X is slowly oscillating if for every u ∈ N and
for every ε > 0, d( f (v), f (v + u)) < ε for all but ﬁnitely many v ∈N.
It is easy to see that if f : N→ X is a slowly oscillating function and f : βN→ X the continuous extension of f , then
π = f |N∗ :N∗ → X is a continuous right zero homomorphism.
Lemma 3.3. Let X = (X,d) be a compact metric space. Then X is connected if and only if for every x, y ∈ X and for every ε > 0, there
exist n ∈N and x0, x1, . . . , xn ∈ X with x0 = x and xn = y such that d(xi, xi+1) < ε for each i < n.
Proof. See [2, Exercise 6.1.D]. 
Lemma 3.4. Let (an)∞n=1 be an increasing sequence in N such that
lim
n→∞(an+1 − an) = ∞
and let A = {an: n ∈ N}. Let X be a connected compact metric space and let x0, x1 be any distinct points of X . Then for any partition
of A into two subsets A0, A1 , there is a slowly oscillating function f :N→ X such that
(1) f (N) is dense in X and f −1(x) is inﬁnite for every x ∈ f (N), and
(2) f (Ai) = {xi} for each i < 2.
Proof. Using Lemma 3.3, for every m ∈N, construct a ﬁnite sequence (xm, j)lmj=0 in X with xm,0 = x0 and xm,lm = x1 satisfying
the following conditions:
(i) d(xm, j, xm, j+1) < 1m for each j < lm ,
(ii) Xm = {xm, j: j  lm} is a 1m -net in X , that is, for every x ∈ X , there is j  lm such that d(x, xm, j) < 1m , and
(iii) Xm−1 ⊆ Xm (for m > 1).
Choose an increasing sequence (nm)∞m=1 in N such that for every m ∈ N and for every i ∈ [nm,nm+1), ai − ai−1 > 2lm .
For every such i, put μ(i) =m. Then the intervals [ai − lμ(i),ai + lμ(i)], where n1  i < ω, are pairwise disjoint.
Now deﬁne f : N→ X as follows. For every i  n1 such that ai ∈ A0 and for every j  lμ(i) , put f (ai ± j) = xμ(i), j .
For every i < n1 such that ai ∈ A0, put f (ai) = x0. For all others a ∈N, put f (a) = x1.
The function f : N→ X so deﬁned has the property that for every m ∈ N and for every v  anm , d( f (v), f (v + 1)) < 1m .
It follows from this that f is slowly oscillating. It is easy to see that conditions (1) and (2) are also satisﬁed. Hence, f is as
required. 
Theorem 3.5. Let (an)∞n=1 be an increasing sequence in N such that
lim
n→∞(an+1 − an) = ∞
and let A = {an: n ∈ N}. Let X be a connected compact metric space and let x0, x1 be any distinct points of X . Then for any partition
of A into two inﬁnite subsets A0, A1 , there is a continuous surjective right zero homomorphism π : N∗ → X such that π(A∗i ) = {xi}
for each i < 2.
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of f , and let π = f |N∗ . Then π :N∗ → X is a continuous right zero homomorphism, π is surjective by (1), and π(A∗i ) = {xi}
by (2). 
Corollary 3.6. Let S be a countably inﬁnite cancellative semigroup. Then there exist a connected compact Hausdorff space X of cardi-
nality 22
ω
and a continuous surjective right zero homomorphism ψ : S∗ → X such that for every x ∈ X,
(a) Ix = ψ−1(x) is nowhere dense in S∗ , and
(b) Ix · S ⊆ Ix.
Proof. By Proposition 2.5, it suﬃces to show that there exist a connected compact Hausdorff space X of cardinality 22
ω
and
a continuous surjective right zero homomorphism π :N∗ → X such that for every x ∈ X , π−1(x) is nowhere dense in N∗ .
Let {πα: α ∈ A} be the family of all continuous surjective right zero homomorphisms of N∗ onto the unit interval [0,1].
Deﬁne
π :N∗ →
∏
α∈A
[0,1]α
by π(p) = (πα(p))α∈A and let X = π(N∗), so π :N∗ → X is a continuous surjective right zero homomorphism. Clearly, X is
compact, and by Proposition 3.1, X is connected.
Now every inﬁnite subset of N contains an inﬁnite subset A = {an: n ∈ N} such that limn→∞(an+1 − an) = ∞, and by
Theorem 3.5, for any partition of A into two inﬁnite subsets A0, A1, there is α ∈ A such that πα(A∗i ) = {i} for each i = 0,1.
It follows that π separates points of A∗ and for every x ∈ X , |π−1(x) ∩ A∗| 1, so π−1(x) is nowhere dense in N∗ . 
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